Analytical and numerical treatment of oscillatory mixed differential equations with differentiable delays and advances by Pinelas, Sandra et al.
Journal of Computational and Applied Mathematics 235 (2011) 5112–5130
Contents lists available at ScienceDirect
Journal of Computational and Applied
Mathematics
journal homepage: www.elsevier.com/locate/cam
Analytical and numerical treatment of oscillatory mixed differential
equations with differentiable delays and advances
José M. Ferreira b, Neville J. Ford a,∗, Md. Abdul Malique a, Sandra Pinelas c, Yubin Yan a
a Department of Mathematics, University of Chester, Parkgate Road, CH1 4BJ, England, UK
b Departmento de Matemática, Instituto Superior Técnico, Av. Rovisco Pais, 1049-001 Lisboa, Portugal
c Departamento de Matemática, Universidade dos Açores, R. Mãe de Deus 9500-321 Ponta Delgada, Portugal
a r t i c l e i n f o
Article history:
Received 25 January 2011
Received in revised form 14 April 2011
MSC:
34K11
39A12
65Q05
Keywords:
Functional differential equations
Mixed and delay equations
Oscillatory solutions
Numerical schemes
Discrete equations
a b s t r a c t
In this work, we study the oscillatory behaviour of the differential equation of mixed type
x′ (t) =
∫ 0
−1
x (t − r (θ)) dν (θ)+
∫ 0
−1
x (t + τ (θ)) dη (θ)
with delays r(θ) and advances τ(θ), both differentiable. Some analytical and numerical
criteria are obtained in order to guarantee that all solutions are oscillatory.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
The aim of this work is to study the oscillatory behaviour of the differential equation of mixed type
x′(t) =
∫ 0
−1
x(t − r(θ))dν(θ)+
∫ 0
−1
x(t + τ(θ))dη(θ) (1)
where x(t) ∈ R, ν(θ) and η(θ) are real functions of bounded variation on [−1, 0] normalized so that ν(−1) = η(−1) = 0,
and r(θ) and τ(θ) are nonnegative real continuous functions on [−1, 0]. Taking
‖τ‖ = max{τ(θ) : θ ∈ [−1, 0]},
the advance τ(θ)will be assumed to satisfy
τ(θ0) = ‖τ‖ > τ(θ), ∀θ ≠ θ0. (2)
In the case of τ(θ0) > 0, the function η(θ) is supposed to be atomic at θ0, that is, such that
η(θ+0 )− η(θ−0 ) ≠ 0. (3)
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